VALIDITY LIMITS OF THE EXPRESSION FOR MEASURING SOIL RESISTIVITY BY THE WENNER METHOD ACCORDING TO IEEE STANDARD 81-1983 by T. Barić et al.
730
Za analizu rezultata i obavljanje mjerenja speciﬁ Ënog otpora tla inæenjerima su dane na raspola-
ganje smjernice i naputci razliËitih meunarodnih normi. Prilikom koriπtenja matematiËkih izraza 
iz navedenih normi Ëesto nisu jasne okolnosti pod kojima su dobiveni navedeni izrazi. Jedan takav 
sluËaj opisan je u ovom Ëlanku, a odnosi se na meunarodnu normu IEEE Std. 81-1983, izraz 
za prividni speciﬁ Ëni otpor tla, a koji se odnosi na teorijski model i predvianje mjernih rezultata 
dobivenih Wennerovim mjernim rasporedom elektroda. U IEEE Std. 81-1983 πtapne elektrode su 
modelirane kao kuglaste, πto u konaËnici rezultira jednostavnim matematiËkim izrazom za prividni 
speciﬁ Ëni otpor tla. Zbog navedenog pojednostavljenja inæenjeri nemaju uvid u granice valjanosti 
prema normi dobivenog izraza, odnosno njegovu toËnost. 
For the analysis of soil resistivity results and measurement, engineers have guidelines and instruc-
tions from various international standards at their disposal. The circumstances under which the 
mathematical expressions in these standards were obtained are not always clear. One such case is 
described in this article and refers to the international IEEE Standard 
81-1983, an expression for apparent soil resistivity, and refers to a theoretical model and the pre-
diction and interpretation of measurement results obtained by using the Wenner method of electro-
de arrangement. In IEEE Std. 81-1983, rod electrodes are modeled as spherical, which ultimately 
results in a simpliﬁ ed mathematical expression for apparent soil resistivity. Due to this simpliﬁ ca-
tion, the expression in this standard does not provide engineers with insight into its validity limits, 
i.e. accuracy.
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1 UVOD
Reforma πkolstva fakultetskog i srednjeg obrazova-
nja kontinuiran je proces koji se odvija u cijelome 
svijetu. Reforme najËeπÊe imaju trend smanji-
vanja opsega nastavnog gradiva, koji se provodi 
smanjenjem udjela satnice teorijskih predmeta, a 
poveÊanjem udjela nastavnih sati praktiËne nasta-
ve, odnosno znanstveno usmjeravajuÊi predmeti. 
Inæenjeri πkolovani u takvom okruæju suoËeni su 
s poteπkoÊama u tumaËenju i koriπtenju matema-
tiËkog instrumentarija pri sloæenijim zadaÊama, a 
koje im se nameÊu u inæenjerskoj praksi. Iz tog 
razloga razliËita normativna meunarodna tijela 
prilikom izdavanja normi, Ëije smjernice i naput-
ke i mi slijedimo, koriste vrlo jednostavne mate-
matiËke izraze u svojim izdanjima. Takvi izrazi 
izvedeni su pod brojnim pretpostavkama, kako 
ﬁ zikalnim, tako i matematiËkim. Navedena po-
jednostavljenja ﬁ zikalne slike opravdana su pod 
odreenim uvjetima koji se u normama Ëesto ne 
navode. Naime, mnoge norme pisane su u vrijeme 
kada je nastavni program u veÊini zemalja svijeta 
sadræajno bio bogatiji teorijskim predmetima te 
veÊom satnicom matematike. Inæenjeri kao kori-
snici normi u takvim uvjetima Ëesto nemaju pot-
punu predodæbu o moguÊoj pogreπci pri koriπtenju 
normom preporuËenih izraza za proraËune ukoliko 
se ista koristi u graniËnim uvjetima, ili izvan njih. 
Osim navedenog, znatan udio meunarodnih nor-
mi pisan je unazad nekoliko desetljeÊa, u vrijeme 
kada su osobna raËunala bila dostupna uæem kru-
gu inæenjerske populacije. Naime, tek od kolovo-
za 1981. godine kada je IBM na træiπte lansirao 
osobno raËunalo (PC) zapoËela je era osobnih 
raËunala. Danas, 25 godina poslije, kada gotovo 
svaki inæenjer u razvijenom svijetu posjeduje osob-
no raËunalo nije potrebno da se za inæenjerske 
proraËune koriste matematiËki pojednostavljeni 
izrazi, koji vrijede u vrlo uskim granicama ﬁ zikal-
nih varijabli. Ovaj Ëlanak daje osvrt na jedan takav 
izraz opisan meunarodnom normom IEEE Std. 
81-1983 [1] za interpretaciju mjernih rezultata 
mjerenjem speciﬁ Ënog otpora tla Wennerovom 
metodom. Da bi se odredila toËnost izraza prema 
meunarodnoj normi IEEE Std. 81-1983 odreen 
je toËan izraz za prividni speciﬁ Ëni elektriËni otpor 
dvoslojnog tla mjeren Wennerovom tehnikom [2]. 
Na nekoliko primjera koji se mogu javiti u praksi 
odreena je pogreπka predvianja prividnog speci-
ﬁ Ënog otpora tla prema normi IEEE Std. 81-1983 
u odnosu na toËniji pristup prikazan u ovom Ëlan-
ku. Rezultati oba pristupa prikazani su analitiËki, 
graﬁ Ëki te diskutirani.
1 INTRODUCTION
Reform of higher and secondary education is an on-
going process throughout the world. Reforms most 
often tend to reduce the range of material taught 
and are implemented by reducing the percentage of 
the class hours devoted to theoretical subjects and 
increasing the percentage of class hours devoted 
to practical subjects, i.e. scientiﬁ cally oriented 
subjects. Engineers schooled in such an environ-
ment are confronted by difﬁ culties in interpreting 
and using mathematical instrumentation in the 
complex tasks they encounter in practice. For this 
reason, various international institutions use highly 
simpliﬁ ed mathematical expressions when issuing 
the standards whose guidelines and instructions we 
follow. Such expressions have been derived under 
numerous assumptions, both physical and math-
ematical. This simpliﬁ cation of the physical picture 
is justiﬁ ed under certain circumstances, which are 
not frequently mentioned in the standards. Many 
standards were written at a time when the curricula 
in the majority of the countries in the world includ-
ed more theoretical subjects and hours of math-
ematics. Engineers, as the users of these standards 
under such circumstances, are frequently not fully 
aware of the errors that are possible when using 
the expressions recommended by the standards for 
calculations under or outside boundary conditions. 
Moreover, a signiﬁ cant percentage of the interna-
tional standards were written several decades ago, 
at a time when personal computers (PCs) were only 
available to small group of the engineering popula-
tion. It has only been since August 1981 that IBM 
launched the personal computer on the market 
and launched the PC era. Today, twenty-ﬁ ve years 
later, when nearly every engineer in the developed 
world posses a personal computer, it is not neces-
sary to use mathematically simpliﬁ ed expressions 
for engineering calculations, which are only valid 
under very narrow limits of physical variables. This 
article provides a review of such an expression de-
scribed by an international standard, IEEE Std. 81-
1983 [1] for the interpretation of the results of the 
measurement of soil resistivity using the Wenner 
method. In order to determine the precision of the 
expression according to IEEE Std. 81-1983, a pre-
cise expression has been determined for the appar-
ent resistivity of a two-layer soil model using the 
Wenner technique [2]. The error in predicting and 
interpreting apparent soil resistivity in several ex-
amples that can occur in practice was determined 
according to IEEE Std. 81-1983 and compared to 
the precise approach presented in this article. The 
results of both approaches are presented graphi-
cally and analytically, and are discussed. 
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2 MJERENJE SPECIFI»NOG 
OTPORA TLA
NajËeπÊe preporuËivana i koriπtena mjerna tehni-
ka elektriËnog mjerenja speciﬁ Ënog otpora tla je 
Wennerova metoda [2] (slika 1). Razlog raspro-
stranjenosti uporabe navedene mjerne tehnike je 
u jednostavnosti interpretacije mjernih rezultata 
[3] i [4]. 
 
Navedena mjerna tehnika veoma je prikladna za 
odreivanje parametara dvoslojnog tla. Postupak 
mjerenja obavlja se za tu namjenu specijalizi-
ranim baterijski napajanim mjernim ureajem. 
Mjerni ureaj u sebi sadræi strujni izvor sinusno 
promjenjive struje kojemu je frekvencija razliËita 
od mreæne, tj. od 50/60 Hz, koja se ne podudara 
s moguÊim harmonicima mreæe, ﬁ ltar kojim se iz-
dvaja izmjeniËni mjerni napon frekvencije strujnog 
izvora mjeren voltmetrom, a koji potiskuju ostale 
frekvencije te ampermetar. 
2 MEASUREMENT OF SOIL 
RESISTIVITY
The most frequently recommended and used meas-
urement technique for the electrical measurement 
of soil resistivity is the Wenner method [2] (Figure 
1). The reason for the widespread use of this meas-
urement technique is the simplicity of the interpre-
tation of the measured results [3] and [4]. 
This measurement technique is highly suitable 
for determining the parameters of two-layer soil. 
The measurement procedure is performed for this 
purpose using a specialized battery-operated meas-
uring device. The measuring device consists of a 
sinusoidal current source of variable amplitude, the 
frequency of which differs from that of the mains 
frequency, i.e. 50/60 Hz and does not coincide with 
possible mains harmonics, a ﬁ lter that separates al-
ternating measuring voltage of the frequency of the 
current source measured by a voltmeter and attenu-
ates other frequencies, and an amp meter. 
Slika 1 
Dvoslojno tlo i Wennerov 
raspored elektroda
Figure 1 
Two-layer soil and 
the Wenner electrode 
arrangement
gornji sloj tla / 
upper soil layer
donji sloj tla / 
lower soil layer
a a a




medij a / 
medium a
medij b / 
medium b
medij c / 
medium c
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3 STATI»KI MODEL STRUJNOG 
POLJA
TumaËenje dobivenih mjernih rezultata temelji se 
na statiËkom modelu strujnog polja u tlu [5]. U tu 
svrhu koristi se tehnika odslikavanja izvora struj-
nih polja na granicama diskontinuiteta speciﬁ Ënog 
elektriËnog otpora tla (slika 2a). Utiskivanjem 
struje I kroz strujne elektrode u tlo, nastalo struj-
no polje u dvoslojnom tlu mora zadovoljiti rubne 
uvjete na granicama diskontinuiteta speciﬁ Ënog 
elektriËnog otpora: tlo-zrak, te gornjeg i donjeg 
sloja tla, a koji glase [5] i [6]:
       
gdje je:
n  ∑  vektor normale na granice diskontinuiteta
   speciﬁ Ënog elektriËnog otpora, 
Ja  ∑  gustoÊa struje u mediju a (zrak) na granici
  diskontinuiteta speciﬁ Ënog elektriËnog otpora,
Jb  ∑  gustoÊa struje u mediju b (gornji sloj tla) na
  granici diskontinuiteta speciﬁ Ënog elektriË-
  nog otpora i 
Jc  ∑ gustoÊa struje u mediju c (donji sloj tla) na
   granici diskontinuiteta speciﬁ Ënog elektriË-
  nog otpora. 
Zrak (medij a) ima visok speciﬁ Ëni elektriËni otpor 
za koji se misli da moæe biti 1018 Ωm. Iz tog razlo-
ga moæe ga se gotovo bez ikakve pogreπke smatrati 
izolatorom [7] i [8]. Poznavanje rubnih uvjeta (1) i 
(2) na granicama diskontinuiteta speciﬁ Ënog elek-
triËnog otpora omoguÊava matematiËko rjeπavanje 
zadaÊe i odreivanje potencijala na naponskim 
mjernim elektrodama (slika 1). 
 
3 STATIC MODEL OF A 
CURRENT FIELD
Interpretation of the measurement results is based 
upon a static model of a current ﬁ eld in the soil [5]. 
For this purpose, the method of images is used to 
describe the discontinuity boundaries of soil resis-
tivity (Figure 2a). The current ﬁ eld resulting from 
the injection of current I through the current elec-
trodes in the two-layer soil must satisfy the bound-
ary conditions at the discontinuity boundaries of re-
sistivity: soil-air, the upper soil layer and the lower 
soil layer, as stated in [5] and [6]:
      
Where:
n  ∑ is the normal vector at the discontinuity bo-
  undary of resistivity, 
Ja ∑ is the current density in medium a (air) at
   the discontinuity boundary of resistivity, 
Jb ∑ is the current density in medium b (upper
  soil layer) at the discontinuity boundary of
   resistivity and 
Jc ∑ is the current density in medium c (lower
   soil layer) at the discontinuity boundary of
   resistivity. 
Air (medium a) has high speciﬁ c resistivity, and is 
thought to be 1018 Ωm. For this reason, it can be 
considered as an insulator, with practically no error 
[7] and [8]. Knowing the boundary conditions (1) 
and (2) at the discontinuity boundary of speciﬁ c re-
sistivity facilitates the mathematical solution of the 
task and the determination of the potential on the 
voltage measurement electrodes (Figure 1). 
   
(1)
(2)
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Prema teoriji odslikavanja [5] izvori strujnog polja, 
tj. strujne elektrode A i D odslikavaju se od grani-
ca diskontinuiteta speciﬁ Ënog elektriËnog otpora. 
Prvo odslikavanje odvija se na granici tlo-zrak. 
Ukopani dio strujnih elektroda duljine l odslikava 
se od granice tlo-zrak, u elektrodu duljine l, a iz 
koje istjeËe jednaka struja kao iz originalne elek-
trode. S obzirom da jednaka struja istjeËe iz ori-
ginalne elektrode i njezine slike u podruËju a, te 
kako se one dodiruju na granici tlo-zrak, moæemo 
ih za proraËune u podruËju b promatrati kao jed-
nu cjelinu, tj. kao elektrodu dvostruke duljine 
2l, a iz koje istjeËe dvostruka struja. Tako nastali 
konglomerati originalnih strujnih elektroda A i D 
s njihovim slikama koje se nalaze u podruËju a 
odslikavaju se od granice izmeu gornjeg i donjeg 
sloja tla, tj. od granice izmeu podruËja b i c u po-
druËje c. Novonastale slike nalaze se u podruËju c 
(donji sloj tla), a srediπte slika πtapnih elektroda 
udaljeno je od granice tlo-zrak za dvostruku deblji-
nu gornjeg sloja tla, te iznosi 2h. Iz ove slike elek-
trode A viπe ne istjeËe struja 2I, nego β·2I, gdje je 
β koeﬁ cijent odslikavanja izmeu podruËja b i c 
(β = ( d - g) / ( d + g )). 
U iduÊem koraku potrebno je odslikati zamiπljene 
slike iz podruËja c u podruËje a. Odslikavanje iz 
podruËja c u podruËje a odvija se na granici tlo-
zrak, a srediπta novonastalih zamiπljenih slika u 
podruËju a nalaze se na jednakoj udaljenosti od 
granice tlo-zrak, kao i zamiπljene slike iz prethod-
nog koraka u podruËju c, a koja odgovara dvostru-
koj debljini gornjeg sloja tla te iznosi 2h. U ovom 
sluËaju odslikavanje iz podruËja c u podruËje a 
ne mijenja iznos struje koja istjeËe iz zamiπljene 
elektrode u podruËju a, jer je koeﬁ cijent odslika-
vanja jednak jedinici s obzirom da se podruËje a 
(zrak) moæe smatrati izolatorom. Tako dobivene 
zamiπljene slike u podruËju a (zrak) potrebno je 
ponovno odslikati od granice izmeu gornjeg i do-
According to the method of images theory [5], the 
sources of the current ﬁ eld, i.e. current electrodes 
A and D are mirrored at the discontinuity boundary 
of resistivity. The ﬁ rst application of the method of 
images occurs at the soil-air boundary. The parts of 
the current electrodes buried in the soil of length 
l are mirrored at the soil-air boundary, in an elec-
trode of length l from which equal current ﬂ ows out 
as from the original electrode. Since equal current 
ﬂ ows from the original electrode and its image in 
Area a, and since they touch the soil-air boundary, 
for calculations in Area b we can consider them to 
be a single entity, i.e. an electrode of double length 
2l from which double current ﬂ ows. Thus, such 
conglomerates of original current electrodes A and 
D, with their images in Area a are by the method 
of images mirrored at the boundary between the 
upper and lower soil layers, i.e. from the bound-
ary between Area b and Area c in Area c. The new 
images are located in Area c (lower soil layer) and 
the center of the image of the rod electrodes is at 
a distance from the soil-air boundary of two times 
the thickness of the upper soil layer, amounting to 
2h. Current β·2I instead of 2I ﬂ ows from this image 
of electrode A, where β is the reﬂ ection coefﬁ cient 
[1] (reﬂ ection factor [3]) between Areas b and c 
(β = ( d - g) / ( d + g )). 
In the next step, it is necessary to apply the method 
of images on the imaginary image in Area c to mir-
ror them in Area a. Mirroring from Area c to Area a 
occurs at the soil-air boundary, and the centers of 
the new imaginary images in Area a are at the same 
distance from the soil-air boundary as the imaginary 
images from the previous step in Area c, which cor-
responds to a thickness twice that of the upper soil 
layer and equals 2h. In this case, the mirroring from 
Area c to Area a does not alter the amount of cur-
rent that ﬂ ows from the imaginary electrode in Area 
a, because the reﬂ ection coefﬁ cient is equal to 1, 
Slika 2
Wennerov raspored 
elektroda, dvoslojno tlo 




















PodruËje b / Area b PodruËje b / Area b
PodruËje a / Area a
a) b)
PodruËje c / Area c PodruËje c / Area c
PodruËje a / Area a
2
1
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njeg sloja tla, tj. podruËja b i c u podruËje c, s 
koeﬁ cijentom odslikavanja β, te se takav postupak 
nastavlja unedogled. Prilikom svakog odslikavanja 
od granica diskontinuiteta elektriËnih znaËajki 
(speciﬁ Ënog elektriËnog otpora tla) poveÊava se 
udaljenost novonastalih zamiπljenih izvora polja 
od granice tlo-zrak te se njihova srediπta nalaze 
na udaljenosti od granice tlo-zrak h, 2h, 4h, ..., 2nh, 
gdje je n redni broj zamiπljene slike. 
Za razliku od prikazanog odslikavanja u kojemu je 
oËuvana stvarna geometrija strujnih izvora polja 
(elektrode A i D) prema slici 2a, u meunarodnoj 
normi IEEE Std. 81-1983 [1] navedeno odslika-
vanje je znatno pojednostavljeno. Naime, prva 
pretpostavka koja je uËinjena u ﬁ zikalnom modelu 
norme IEEE Std. 81-1983, je zamjena πtapnih 
elektroda s polukuglama, koje su se stopile sa svo-
jom slikom iz podruËja a, koja je takoer poluku-
gla, pa se daljnje odslikavanje provodi s kuglama 
(slika 3).
 
Predstavljanjem πtapnih (cilindriËnih) elektroda 
strujnih mjernih sondi s kuglama omoguÊeno je 
koriπtenje izraza za potencijal u okoliπu kugle, 
odnosno toËkaste izvore polja, jer se potencijal 
odreuje izvan ekvivalentne kugle. Izrazi za elek-
triËni potencijal u prostoru oko toËkastih izvora 
polja su matematiËki vrlo jednostavni. Zbog na-
vedenog pojednostavljenja izraz za prividni speci-
ﬁ Ëni otpor tla prema IEEE normi Std. 81-1983 [1] 
je valjan ukoliko je dovoljno velik razmak izmeu 
susjednih elektroda a. Naime, ukoliko je dovoljno 
velik razmak izmeu elektroda a, tada su ekvipo-
tencijalne krivulje koje su uzrokovane strujnim 
elektrodama cilindriËnog oblika sliËne ekvipoten-
cijalnim krivuljama toËkastih izvora polja. 
since Area a (air) can be considered as an insula-
tor. Such obtained imaginary images in Area a (air) 
must be mirrored again from the boundary between 
the upper and lower soil layers, i.e. Areas b and c in 
Area c, with the reﬂ ection coefﬁ cient β, and such a 
procedure is continued indeﬁ nitely. On the occasion 
of every mirroring from the discontinuity boundary 
of soil resistivity, the distance increases between the 
new imaginary ﬁ eld sources and the soil-air bound-
ary, and their centers are located at distances from 
the soil-air boundary of h, 2h, 4h, ..., 2nh where n is 
the ordinal number of the imaginary image. 
Unlike the mirroring presented in which the actual 
geometry of the current source ﬁ elds (electrodes 
A and D) is according to Figure 2a, this mirror-
ing is signiﬁ cantly simpliﬁ ed in the international 
IEEE Std. 81-1983 [1]. The ﬁ rst assumption in 
the physical model of IEEE Std. 81-1983 is the 
replacement of rod electrodes with hemispherical 
ones, which merge with their image from Area a, 
which is also a hemisphere, and further mirroring is 
conducted with spheres (Figure 3). 
Presenting the rod (cylindrical) electrodes of cur-
rent measuring probes with spheres permits the 
use of the expression for potential in the sphere 
vicinity, i.e. ﬁ eld point sources, because the poten-
tial is determined outside the equivalent sphere. 
Expressions for electric potential around the point 
sources are mathematically very simple. Therefore, 
the cited simpliﬁ ed expression for apparent soil 
resistivity according to IEEE Std. 81-1983 [1] is 
valid if there are is a sufﬁ ciently large spaces be-
tween the neighboring electrodes a. If there is a 
sufﬁ ciently large space between electrodes a, the 
equipotential curves that are caused by cylindrical 
current electrodes are similar to the equipotential 





kuglama i Wennerov 
raspored elektroda
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Equipotential curves caused by cylindrical electrodes 
are in the form of an ellipse, and if the observation 
point is distant from the electrode, the equipotential 
curve that passes through it is approximately round in 
shape, which corresponds to the point source (Figure 
2b). Therefore, the physical purpose of simpliﬁ ca-
tion is clear but not the impact of this simpliﬁ cation 
on the error in determining soil resistivity, especially 
when measurement electrodes are relatively close to 
each other. In order to obtain an answer to this ques-
tion, it is necessary to deﬁ ne an expression for appar-
ent soil resistivity measured by the Wenner method 
in which the measurement electrodes are modeled 
as rods (thin cylinders). In several actual examples, 
errors were determined that occurred due to modeled 
rod electrodes with spheres and the inﬂ uence of the 
vicinity of the electrodes upon measurement.
4 DEFINITION OF A PRECISE 
EXPRESSION FOR APPARENT 
SOIL RESISTIVITY 
The procedure for deﬁ ning a precise expression for 
apparent soil resistivity consists of several steps. In 
the ﬁ rst step, it is necessary to ﬁ nd a simpler expres-
sion with the help of which potential can be easily 
deﬁ ned in the vicinity a rod electrode from which cur-
rent I ﬂ ows, when it is in an inﬁ nite medium. In the 
second step, it is necessary to take into account the 
inﬂ uence of the soil-air boundary by using the meth-
od of images and the determination of an expression 
for electrical scalar potential on the site of one of the 
voltage measurement electrodes. The third step con-
sists of taking into account one more discontinuity 
boundary of soil resistivity, which is found below the 
upper soil layer. As in the previous step in the applied 
method of images, it is necessary to deﬁ ne the poten-
tial in the upper soil layer (Area b) at the site of one 
of the voltage measurement electrodes. In the ﬁ nal 
step, based on the previously deﬁ ned expressions, it 
is necessary to deﬁ ne an expression for the appar-
ent resistivity of two-layer soil measured using the 
Wenner electrode arrangement (Figure 1). 
The electrical scalar potential in the vicinity of a rod 
electrode of the ﬁ nal length l, from which current I 
ﬂ ows, located in an inﬁ nite medium of resistivity g 
shown in Figure 4a according to [5], is as follows:
      
  
Ekvipotencijalne krivulje kojeg uzrokuju cilindriËne 
elektrode su oblika elipse, a ukoliko je toËka pro-
matranja daleko od elektrode ekvipotencijalna 
krivulja koja prolazi kroz nju je pribliæno kruænog 
oblika, πto odgovara toËkastom izvoru polja (slika 
2b). Iz navedenog je jasan ﬁ zikalni smisao pojed-
nostavljenja, ali ne i utjecaj navedenog pojedno-
stavljenja na pogreπku pri odreivanju speciﬁ Ënog 
otpora tla, pogotovo u sluËaju kada su mjerne elek-
trode relativno blizu jedna drugoj. Da bi se dobio 
odgovor na ovo pitanje potrebno je odrediti izraz 
za prividni speciﬁ Ëni otpor tla mjeren Wennerovim 
spojem u kojemu su mjerne elektrode modelirane 
kao πtapovi (tanki cilindri). Zatim je na nekoliko 
primjera iz prakse odreena pogreπka koja nastaje 
zbog modeliranja πtapnih elektroda s kuglama te 
utjecaj blizine elektroda na mjerenje.
4 ODRE–IVANJE TO»NOG 
IZRAZA ZA PRIVIDNI 
SPECIFI»NI OTPOR TLA
Postupak odreivanja toËnog izraza za prividni 
speciﬁ Ëni elektriËni otpor tla sastoji se od neko-
liko koraka. U prvom koraku potrebno je pronaÊi 
neki jednostavniji izraz uz pomoÊ kojega se lako 
odreuje potencijal u okolini πtapne elektrode 
iz koje istjeËe struja I, kada se ona nalazi u ne-
ograniËenom mediju. U drugom koraku potrebno 
je uvaæiti utjecaj granice tlo-zrak koriπtenjem 
tehnike odslikavanja, te odreivanje izraza za 
skalarni elektriËni potencijal na mjestu jedne od 
naponskih mjernih elektroda. TreÊi korak sastoji 
se od uvaæavanja joπ jedne granice diskontinuiteta 
speciﬁ Ënog elektriËnog otpora tla, a koja se na-
lazi ispod gornjeg sloja tla. Kao i u prethodnom 
koraku primjenom tehnike odslikavanja, potrebno 
je odrediti potencijal u gornjem sloju tla (podruËje 
b) na mjestu jedne od naponskih mjernih elektro-
da. U posljednjem koraku na temelju prethodno 
odreenih izraza potrebno je odrediti izraz za pri-
vidni speciﬁ Ëni elektriËni otpor dvoslojnog tla mje-
rene Wennerovim rasporedom elektroda (slika 1).
Skalarni elektriËni potencijal u okolini πtapne elek-
trode konaËne duljine l iz koje istjeËe struja I, a 
koji se nalazi u neograniËenom mediju speciﬁ Ënog 
otpora g prikazan slikom 4a prema [5] glasi:
(3)
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gdje je:
I ∑ struja koja istjeËe iz povrπine vodiËa (A),
g  ∑ speciﬁ Ëni elektriËni otpor gornjeg sloja tla 
  (Ωm),
l  ∑ duljina vodiËa elektrode (m), 
c  ∑ pola duljine vodiËa strujne elektrode (l=2c).
 
Stapanjem strujne elektrode duljine l s njezinom 
slikom novonastala elektroda ima duljinu l'=2l 
(slika 4b), a ukupna struja koja istjeËe iz nasta-
log konglomerata iznosi I=2I, te je potencijal u 
okolini takve elektrode prema slici 4b za x>0 dan 
izrazom:
Naravno, pod duljinom elektrode koja se odslika-
la od granice tlo-zrak razmatra se samo ukopani 
dio strujne elektrode u tlu (ono πto je izvor polja). 
Potencijal na mjestu naponske elektrode B zbog 
istjecanja struje iz strujne elektrode A stopljene 
sa svojom slikom koja se nalazi u podruËju a (slika 
4b), i utjecanja struje u strujnu elektrodu D sto-
pljene sa svojom slikom koja se nalazi u podruËju 
a (slika 4b), u toËki T1 (slika 2b) u jednoslojnom 
tlu iskazan geometrijom mjernog spoja glasi: 
where:
I  ∑ the current that ﬂ ows from the conductor 
  surface (A),
g ∑ the resistivity of the upper soil layer (Ωm),
l ∑ the length of the electrode (m), 
c ∑ half the length of the current electrode
  (l=2c) (m).
With the merging of a current electrode of the length l of 
with its image, the new electrode has the length of l'=2l 
(Figure 4b), and the total current that ﬂ ows from the 
new conglomerate amounts to I=2I, and the potential in 
the vicinity of such an electrode according to Figure 4b 
for x>0 is given with the following expression:
      
     
Naturally, along the length of the electrode that is 
mirrored at the soil-air boundary, only the part of 
the electrode buried in the soil is considered (that 
which is the source of the ﬁ eld). The potential at 
the site of voltage electrode B due to the ﬂ ow of 
current from current electrode A merged with its 
image that is located in Area a (Figure 4b), and 
the inﬂ ow of current in electrode D merged with its 
image that is located in Area a (Figure 4b), at point 
T1 (Figure 2b) in one layer soil is expressed by the 
geometry of the measurement circuit, as follows:
Slika 4 
Ravni πtap i 
relevantna geometrija
Figure 4 
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Zbog simetrije potencijal elektrode C suprotnog 
je predznaka od potencijala elektrode B, te vrije-
di: C =–B. Potencijal B, odnosno potencijal C 
odreeni su na uzduænim osima naponskih mjer-
nih elektroda B i C u toËki koja dodiruje granicu 
tlo-zrak (slika 2b). Meutim, treba imati na umu 
da potencijal treba odrediti metodom srednjeg 
potencijala, jer se prema izrazu (4) potencijal 
mijenja duæ uzduæne osi naponske elektrode. 
NaoËigled je ova konstatacija zbunjujuÊa, jer se 
sve toËke na idealnom vodiËu pri elektrostatskim 
uvjetima nalaze na jednakom potencijalu. Da bi 
sve toËke vodiËa naponskih elektroda bile na jed-
nakom potencijalu, bilo bi potrebno vrπiti odslika-
vanje od cilindriËne granice, tj. strujnih elektroda 
od povrπine naponskih elektroda. Meutim, kako 
je duljina naponskih mjernih elektroda konaËna, 
takvo odslikavanje je teπko provedivo. Zanemariva-
njem odslikavanja strujnih elektroda od naponskih 
mjernih elektroda, vodiËi naponskih mjernih elek-
troda presijecaju razliËite ekvipotencijalne krivulje 
uzrokovanih strujnim elektrodama (slika 2b). Iako 
su sve toËke na idealnom vodiËu u statiËkom polju 
na jednakom potencijalu, matematiËki nije jed-
nostavno odrediti iznos tog potencijala. U takvim 
sluËajevima ukoliko je moguÊe koristi se metoda 
srednjeg potencijala. Srednja vrijednost poten-
cijala predstavlja nepristranu procjenu potenci-
jala na kojemu se nalazi vodiË naponske mjerne 
elektrode. 
Uzmimo da je duljina strujnih mjernih elektroda l, 
a naponskih mjernih elektroda d (slika 2a). 
Tada srednji potencijal na mjestu naponske elek-
trode B zbog struje konglomerata elektrode A i 
njezine slike u podruËju a, te konglomerata strujne 
elektrode D i njezine slike u podruËju a glasi:
       
Srednji potencijal elektrode B zbog struja kon-
glomerata originalne elektrode A, koja se nalazi u 
podruËju b i njezine zamiπljene slike koja se nalazi 
u podruËju a, te konglomerata originalne elektrode 
D, koja se nalazi u podruËju b i njezine zamiπljene 
slike koja se nalazi u podruËju a glasi:
Due to the symmetry, the potential of electrode C is 
opposite to that of the of the potential of electrode 
B, as follows: C =–B. Potential B, or potential C 
are deﬁ ned along the axes of voltage measurement 
electrodes B and C at the points that touch the soil-
air boundary (Figure 2b). However, it is necessary to 
bear in mind that the potential should be determined 
by the mean potential method, because according to 
Expression (4), the potential changes along the length 
of the axis of the voltage electrode. Apparently this 
statement is confusing because all the points on the 
ideal conductor under electrostatic conditions are lo-
cated at the same potential. In order for all the points 
on voltage electrodes to be at the same potential, it 
would be necessary to perform the method of images 
from the cylindrical boundary, i.e. current electrodes 
from the surface of the voltage electrodes. However, 
since the length of the voltage measurement elec-
trodes is ﬁ nite, in such case it is difﬁ cult to perform 
the method of images. By ignoring the image of the 
current electrodes from the voltage measurement 
electrodes, the buried part (conductor) of the voltage 
measurement electrodes intersect with various equipo-
tential curves caused by the current electrodes (Figure 
2b). Although all the points on an ideal conductor in a 
static ﬁ eld are of an equal potential, mathematically it 
is not simple to determine the value of this potential. 
In such cases, insofar as possible, the mean potential 
method is used. The mean potential value represents 
an unbiased assessment of the potential of the buried 
part of the voltage measurement electrode. 
Let us say that the length of the current measure-
ment electrodes is l and the voltage measurement 
electrodes is d (Figure 2a). 
Then the mean potential at the site of the voltage 
electrode B due to the current conglomerate of 
electrode A and its image in Area a, and the con-
glomerate of current electrode D and its image in 
Area a is as follows:
 
      
     
The mean potential of electrode B, due to the currents 
from conglomerates of the original electrode A, which 
is located in Area b and its imaginary image that is lo-
cated in Area a, and the conglomerates of the original 
electrode D, which is located in Area b and its imagi-
nary image that is located in Area a, is as follows:
(6)
(7)
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Umjesto rjeπavanja integrala u izrazu (7), za kojeg 
postoji analitiËko rjeπenje, prikladnije je ishoditi 
numeriËko rjeπenje, tj. provesti numeriËku in-
tegraciju. Kako je podintegralna funkcija glatka 
funkcija, umjesto sloæenijih postupaka numeriËkih 
integracija (Trapezno pravilo, Simpsonovo pravilo, 
Romberg ) prikladnije je provesti jednostavnu inte-
graciju prema pravokutnom pravilu [9]:
  ,    
gdje je: 
  ∑ korak tj., prostorna udaljenost izmeu dvi-
 je susjedne toËke u kojima se uzima uzo-
rak funkcije f(x), a koji se nalazi na krivulji 
integriranja, x1 i x2  poËetna i krajnja toËka 
duæ krivulje na kojoj se integrira funkcija 
f(x), 
O()  ∑ numeriËka pogreπka integracije, tj. odstu-
  panje od toËne vrijednosti integrala, 
M  ∑ broj uzoraka funkcije na intervalu izmeu
  toËaka x1 i x2.
Naravno, zbog jednostavnije sheme numeriËkog 
integriranja potreban je neπto veÊi broj uzoraka M 
funkcije f(x), ali je iskazivanje rjeπenja analitiËkim 
izrazom olakπano. 
Primjenom izraza (8) na izraz (7) srednji potencijal 
elektrode B zbog konglomerata originalnih strujnih 
elektroda A i D, koje se nalaze u podruËju b i nji-
hovih zamiπljenih slika koje se nalaze u podruËju 
a glasi:
gdje je korak  duæ osi naponske mjerne elektrode 
B dan izrazom:
Instead of solving the integral in Expression (7), 
for which there is an analytical solution, it is more 
appropriate to obtain a numerical solution, i.e. to 
perform numerical integration. Since the subinte-
gral function is a smooth function, instead of more 
complex procedures of numerical integration (the 
trapezoidal, Simpson and Romberg rules), it is 
more appropriate to perform a simple integration 
according to the rectangular rule [9]:
      
     
where: 
  ∑ step, i.e. the spatial distance between two
  neighboring points in which a sample of fun-
ction f(x) is taken, which is on the integrati-
on curve, x1  and x2  the initial and ﬁ nal points 
along the curve on which the function f(x) is 
integrated, 
O()  ∑ the numerical integration error, i.e. the de-
  viation from the precise value of the integral, 
M  ∑ the number of the samples of the function
   between points x1  and x2.
Naturally, due to the simpler scheme of numerical in-
tegration, a somewhat larger number of samples of the 
M function f(x) are required, but the presentation of 
the solution is easier with the analytical expression. 
By applying Expression (8) to Expression (7), the 
mean potential of electrode B, due to the conglom-
erate of the original current electrodes A and D, 
which are located in Area b and their imaginary im-
ages that are located in Area a, is as follows: 
      
     
where step  along the axis of the voltage measurement 
electrode B is given with the following expression: 
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u kojemu je: 
d ∑ duljina ukopanog dijela naponske mjerne
   elektrode B, 
M  ∑ broj uzoraka, tj. toËaka promatranja po-
  tencijala, a koje se nalaze na uzduænoj
   osi ukopanog dijela naponske elektrode B.
U dvoslojnom tlu situacija je neπto sloæenija, jer 
na potencijal naponske mjerne elektrode utjeËu 
zamiπljene slike zbog viπestrukih odslikavanja, a 
koje se nalaze u podruËjima a i c. Utjecaj slika 
strujnih elektroda A i D u podruËjima a i c moæe 
se uvaæiti neovisno te se u konaËnom izrazu za po-
tencijal algebarski zbrajaju zajedno s potencijalom 
odreenim izrazom (9). Srednji potencijal zbog 
slika iz podruËja a prema izrazu (8) iznosi: 
 
Srednji potencijal zbog zamiπljenih slika iz po-
druËja c prema izrazu (8) iznosi:
ili prema:
Da bi se mogao odrediti izraz za srednji potencijal 
naponskih mjernih elektroda prema posljednjim 
izrazima potrebno je odrediti analitiËki oblik izraza 
za potencijal  (x,y) u dvoslojnom tlu za podruËje 
b, u kojemu se nalaze naponske mjerne elektrode, 
a zbog odslikanih strujnih elektroda A i D, koje se 
nalaze u podruËjima a i c. Potencijal u podruËju 
b, na granici tlo-zrak na mjestu naponske mjer-
ne elektrode B u toËki T1 prema slici 2b, a zbog 
uvaæenih N slika strujnih elektroda A i D koje se 
nalaze u podruËju a glasi:
in which: 
d  ∑ the length of the buried part of voltage mea-
  surement electrode B,
M  ∑ the number of samples, i.e. the points in
   which potential is observed, which are loca-
  ted on the longitudinal axis of the buried
   part of charge electrode B. 
In two-layer soil, the situation is somewhat more 
complex because the potential of the voltage meas-
urement electrode is inﬂ uenced by the imaginary im-
age due to multiple image sources, which are located 
in Areas a and c. The inﬂ uence of the images of the 
current electrodes A and D in Areas a and c can be 
considered independently and in the ﬁ nal expression 
for the potential, they are summed algebraically to-
gether with the potential deﬁ ned by Expression (9). 
The mean potential due to the image from Area a 
according to Expression (8) is as follows: 
The mean potential due to the imaginary images from 
Area c according to Expression (8) is as follows:
      
     
or according to:
      
     
In order to deﬁ ne the expression for the mean po-
tential of the voltage measurement electrodes ac-
cording to the previous expressions, it is necessary 
to deﬁ ne the analytical form of the expression for 
potential (x,y) in two-layer soil for Area b, in which 
the voltage measurement electrodes are located, 
and due to the images of current electrodes A and 
D, which are located in Areas a and c. The poten-
tial in Area b, at the soil-air boundary at the site of 
the voltage measurement electrode B in point T1 
according to Figure 2b, and due to N images of the 
current electrodes A and D that are located in Area 
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Potencijal u podruËju b, na granici tlo-zrak na 
mjestu naponske mjerne elektroda B zbog slika 
strujnih elektroda A i D, koje se nalaze u podruËju 
c glasi:
Kao πto se to moæe zapaziti izrazi (14) i (15) su 
identiËni, jer je potencijal odreen u toËki na 
granici tlo-zrak. Meutim, kada se potencijal 
odreuje u bilo kojoj drugoj toËki unutar podruËja 
b izrazi (14) i (15) Êe se razlikovati. Prema slici 
2b izrazi (14) i (15) odnose se na potencijal u 
toËki T1. Ukoliko se prema navedenim izrazima 
potencijal odreuje u toËki T2, tada je izraze (14) 
i (15) potrebno modiﬁ cirati. U izrazu (14) umjesto 
2nh+l treba pisati 2nh+l+d, a umjesto 2nh-l treba 
pisati 2nh-l+d. U izrazu (15) umjesto 2nh+l treba 
pisati 2nh+l-d, a umjesto 2nh-l treba pisati 2nh-l-d. 
Na temelju iznesene logike razmiπljanja dolazi se 
do izraza za srednje potencijale elektrode B zbog 
slika strujnih elektroda A i D, koje se nalaze u po-
druËjima a i c, koji glase:
u kojima je K=Ig /4πl, a korak  odreen izrazom 
(10).
      
     
The potential in Area b, at the soil-air boundary at 
the site of voltage measurement electrode B due to 
the images of the current electrodes A and D, which 
are located in Area c, is as follows: 
      
As can be observed, Expressions (14) and (15) are 
identical because the potential is deﬁ ned at the point 
at the soil-air boundary. However, when the potential is 
deﬁ ned at any other point within Area b, Expressions 
(14) and (15) will differ. According to Figure 2b, 
Expressions (14) and (15) refer to the potential at 
point T1. If according to the cited expressions the po-
tential is deﬁ ned at point T2, then Expressions (14) 
and (15) must be modiﬁ ed. In Expression (14), in-
stead of 2nh+l it is necessary to write 2nh+l+d, and 
instead of 2nh-l it is necessary to write 2nh-l+d. In 
Expression (15), instead of 2nh+l it is necessary to 
write 2nh+l-d, and instead of 2nh-l it is necessary to 
write 2nh-l-d. Based upon the logic presented, the 
expression is obtained for the mean potential of elec-
trode B due to the images of the current electrodes A 
and D, which are located in Areas a and c, as follows:
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Ukupni srednji potencijal zbog zamiπljenih slika 
elektroda A i D koje se nalaze u podruËjima a i c te 
konglomerata strujnih elektroda A i D s njihovom 
slikama koje se nalaze podruËju a, jednak je zbro-




B. Takav bi izraz 
zbog svoje duljine postao nepregledan, a ujedno 
ne bi bio prilagoen za pisanje programa za raËu-
nalo koriπtenjem programskih petlji. Naime, treba 
imati na umu da izraz treba svesti na takvu formu 
koja je prikladna za pisanje programa na raËunalu, 
pogotovo za koriπtenje programskih petlji. 
SreÊom, moguÊe je napisati jezgrovitiji izraz za 
srednji potencijal zbog slika iz podruËja a i c, a 
koji je istodobno prikladan za pisanje programa za 
osobno raËunalo (PC) te on glasi:
Kratkim osvrtom na prethodni izraz uoËavaju se 
sliËni Ëlanovi u razlomku pod logaritmom, πto 
otvara moguÊnost daljnjeg saæimanja dobivenog 
izraza na joπ jezgrovitiji oblik:
Ukoliko se u konaËnom izrazu za potencijal na-
mjerava koristiti jednadæba za srednji potencijal 
u obliku prikazanom jednadæbom (19), tada je 
jednadæbu (9) potrebno svesti na takav oblik, tj.:
Ukupni srednji potencijal naponske mjerne elek-
trode B iznosi:
The total mean potential due to the imaginary im-
ages of electrodes A and D in Areas a and c and the 
conglomerate of current electrodes A and D with their 
images located in Area a, is equal to the sum of the 




B . Due to the length 
of such an expression, it is not easy to comprehend 
and would not be suitable for writing programs for a 
computer using program loops. It is necessary to bear 
in mind that an expression must be reduced to a form 
that is suitable for writing programs on a computer, 
especially for using program loops. 
Fortunately, it is possible to write a more concise ex-
pression for mean potential due to the images from 
Areas a and c, which at the same time is suitable for 
writing programs for a personal computer, as follows: 
Brieﬂ y reviewing the previous expression, it is evi-
dent that there are similar articles in the fraction 
under the logarithm, thereby opening the possibility 
for further reduction of the expression obtained into 
an even more concise form: 
      
     
If it is intended to use an equation for the mean 
potential in the form presented by equation (19) in 
the ﬁ nal expression for potential, then Expression 
(9) must be reduced to such a form, i.e.: 
      
     
The total mean potential of the voltage measure-
ment electrode B amounts to:
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Kako je zbog geometrijske i elektriËne simetrije 
(slika 2a) potencijal elektrode C suprotnog pred-
znaka od potencijala elektrode B, a time i srednji 
potencijal, tj. —C = –—B, napon U
—
BC izmeu napon-
skih elektroda B i C, mjeren voltmetrom (slika 1) 
iznosi U—V  = U
—
BC = 2—B, a iskazan geometrijom mjer-
nog spoja glasi:
Ukoliko je iz nekog razloga prikladnija proπirenija 
forma, napon U—BC   glasi:
Jednom odreen napon UBC = U
—
BC  iskazan geo-
metrijom mjernog spoja omoguÊava odreivanje 
izraza za prividni speciﬁ Ëni elektriËni otpor (a) 
za svaku pojedinu mjernu tehniku, tj. raspored 
elektroda. Prividni speciﬁ Ëni otpor tla (a) iskazan 
geometrijskim faktorom F po deﬁ niciji glasi:
       
Kada je tlo homogeno, tada prividni speciﬁ Ëni ot-
por tla (a) ne ovisi o razmaku elektroda, te je on 
jednak speciﬁ Ënom otporu tla gornjeg sloja tla, tj. 
(a) = g, odnosno vrijedi:
Odatle je:
Since due to geometric and electrical symmetry 
(Figure 2a), the potential of electrode C is of the 
opposite sign of the potential of electrode B, and 
thereby the mean potential, i.e. —C = –—B, then volt-
age U—BC between voltage electrodes B and C meas-
ured with a voltmeter (Figure 1) amounts to U—V  = 
U—BC = 2—B, and expressed by the geometry of the 
measurement circuit is as follows:
      
If for some reason an expanded form is more suit-
able, U—BC   is as follows:
Once voltage UBC = U
—
BC  is determined, expressed 
by the geometry of the measurement circuit, it is 
possible to determine an expression for apparent 
soil resistivity (a) for each individual measurement 
technique, i.e. electrode arrangement. Apparent 
soil resistivity (a) expressed by the geometric fac-
tor F is by deﬁ nition as follows:
      
     
When the soil is homogeneous, the apparent soil 
resistivity (a) does not depend upon the distance 
between the electrodes and is equal to the soil re-
sistivity of the upper soil layer, i.e. (a) = g, or:
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Kada je speciﬁ Ëni elektriËni otpor gornjeg sloja 
tla g jednak speciﬁ Ënom elektriËnom otporu do-
njeg sloja tla d  tada je koeﬁ cijent odslikavanja β 
jednak nuli. Tada u jednadæbi (22) za napon UBC 
otpada Ëlan uz β, te se dobiva izraz za napon U—BC 
kada je tlo jednoslojno te on glasi:
Uvrπtavanjem dobivenog izraza (27) u jednadæbu 
(26) dobiva se:
ili u obliku:
gdje je novi geometrijski faktor C dan izrazom:
Sada je moguÊe koriπtenjem izraza (22), (24) i 
(29) odrediti prividni speciﬁ Ëni elektriËni otpor 
dvoslojnog tla u sluËaju kada je uvaæena duljina 
strujnih i naponskih mjernih elektroda:
      
When the speciﬁ c resistivity of the upper soil layer 
g  equals the resistivity of the lower soil layer d, 
the reﬂ ection coefﬁ cient (reﬂ ection factor) β equals 
zero. Thus, in equation (22) for voltage UBC the arti-
cle next to β is eliminated and the expression U—BC  is 
obtained for a one-layer soil, as follows: 
By including the obtained Expression (27) in 
Expression (26), the following is obtained: 
or in the following form:
where the new geometric factor C is given by the 
following expression:
Using Expressions (22), (24) and (29), it is now 
possible to determine the apparent resistivity of two-
layer soil when the lengths of the current and voltage 
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gdje je koeﬁ cijent odslikavanja β dan izrazom:
    
Dobiveni izraz je najtoËniji izraz kojim se odreuje 
prividni speciﬁ Ëni otpor tla mjeren Wennerovim 
spojem. Vrijedi kako za male razlike izmeu elek-
troda a< l, tako i obrnuto l>a, odnosno, vrijedi 
za sve razmake mjernih elektroda, jer je uvaæen 
utjecaj stvarne geometrije strujnih elektroda za 
odreivanje napona UBC . Zbog svoje toËnosti do-
biveni izraz Êe se smatrati referentnim izrazom, 
uz pomoÊ kojeg Êe se provjeravati toËnost izraza 
za prividni speciﬁ Ëni otpor tla prema IEEE nor-
mi. Jedina pretpostavka, a time i ograniËenje pri 
koriπtenju dobivenog izraza je da mjerne elektrode 
ne prodiru u donji sloj tla. 
Meunarodnom normom IEEE Std. 81-1983 [1], 
prividni otpor tla odreuje se izrazom:
koji je izveden pod pretpostavkom da se πtapne 
elektrode mogu zamijeniti s kuglastim. Izraz (33) 
ima upitnu toËnost za male razmake izmeu 
elektroda, tj. kada je a<l. O tome kolika Êe 
pogreπka tada nastupiti bit Êe jasno iz numeriËkih 
primjera.
where the imaging coefﬁ cient β is given by the fol-
lowing expression:
The expression obtained is the most precise expres-
sion with which apparent soil resistivity is deter-
mined when measured by the Wenner method. It 
applies for small differences between electrodes 
a< l, as well as the reverse l>a, i.e. it is valid for all 
spacing between measurement electrodes, because 
the inﬂ uence of the actual geometry of the current 
electrodes for determining voltage UBC  is taken 
into account. Due to the precision of the expres-
sion obtained, it will be considered as a reference 
expression, according to which the precision of the 
expression for apparent soil resistivity according to 
the IEEE standard will be checked. The only as-
sumption, and thereby limitation, in using the 
obtained expression is that the measurement elec-
trodes do not penetrate into the lower soil layer. 
With the international IEEE Std. 81-1983 [1], ap-
parent soil resistivity is determined with the follow-
ing expression:
      
that is derived under the assumption that rod elec-
trodes can be replaced with spherical electrodes. 
Expression (33) has doubtful precision for small 
spaces between electrodes, i.e. when a<l. The ex-
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5 NUMERI»KI PRIMJERI
Koriπtenjem izraza (31) za prividni speciﬁ Ëni 
elektriËni otpor dvoslojnog tla moguÊe je na nu-
meriËkom primjeru lako utvrditi granice valjanosti 
i pogreπku koja nastaje koriπtenjem pojednostav-
ljenog izraza prema meunarodnoj normi (33) [1] 
za razliËite sluËajeve koji mogu nastupiti u praksi. 
Kao πto je to i uobiËajeno granice valjanosti nekog 
izraza i/ili modela umjesto matematiËkog dokaza 
najlakπe je utvrditi usporeujuÊi dobivene rezul-
tate s toËnim modelom. Neka kao primjer posluæi 
sluËaj kada je tlo dvoslojno, debljina gornjeg sloja 
iznosi 1 m, 2 m i 5 m, njegov speciﬁ Ëni elektriËni 
otpor 200 Ωm (g  = 200 Ωm). Donji sloj tla neka 
ima speciﬁ Ëni elektriËni otpor 100 Ωm (d  = 100 
Ωm), te se proteæe u beskonaËnost. Neka su sve 
Ëetiri elektrode mjernog spoja (sonde) jednake kao 
i njihov ukopani dio. Duljina ukopanog dijela mjer-
nih elektroda iznosi 0,4 m ( l = d = 0,4 m). 
Za oËekivati je da Êe najveÊa pogreπka pri 
odreivanju speciﬁ Ënog elektriËnog otpora tla teo-
rijskim modelom koji nadomjeπta πtapne elektrode 
s kuglastim nastupiti pri malim razmacima izmeu 
strujnih elektroda, tj. kada je udaljenost a izmeu 
susjednih elektroda mjerljiva s duljinom strujnih 
i/ili naponskih mjernih elektroda. Iz tog razlo-
ga analiza je ograniËena na promatranje krivulje 
prividnog speciﬁ Ënog elektriËnog otpora za male 
razmake izmeu susjednih elektroda koje iznosi 
proizvoljno 10 m. Promatra se sluËaj kada je dulji-
na cijelog oæiËenja mjernog spoja 30 m (slika 1). 
Pogreπka Êe ovisiti o nekoliko parametara: debljini 
gornjeg sloja tla, speciﬁ Ënom elektriËnom otporu 
gornjeg sloja tla, speciﬁ Ënom elektriËnom otporu 
donjeg sloja tla, duljini naponskih mjernih elektro-
da te duljini strujnih mjernih elektroda i naravno o 
udaljenosti izmeu susjednih elektroda. 
Slika 5 prikazuje krivulje prividnih speciﬁ Ënih ot-
pora tla u funkciji udaljenosti izmeu susjednih 
elektroda. Krivulja prividnog speciﬁ Ënog otpora 
tla dobivena prema izrazu (31) prikazana je cr-
venom bojom, a ona dobivena prema IEEE normi 
tj. prema izrazu (33) prikazana je plavom bojom. 
Speciﬁ Ëni otpor gornjeg sloja tla iznosi g  = 200 
Ωm, njegova debljina h = 1 m, a speciﬁ Ëni otpor 
donjeg sloja tla d  = 100 Ωm. Brojevi iteracija su 
M = 5 i N  = 20.
5 NUMERICAL EXAMPLES
By using Expression (31) for the apparent resistivity 
of two-layer soil, it is easily possible to determine 
the validity limits and error that occur on the nu-
merical example when using the simpliﬁ ed expres-
sion according to the international standard (33) 
[1] for various instances that occur in practice. 
As is usually the case, the validity limits of an ex-
pression and/or model instead of a mathematical 
proof can most easily be determined by comparing 
the results obtained with a precise model. A case in 
which the soil is two-layer, the thickness of the soil 
is 1 m, 2 m and 5 m; and its resistivity is 200 Ωm 
(g  = 200 Ωm) is used as an example. Let the lower 
soil layer have a resistivity of 100 Ωm (d  = 100 
Ωm) and extend to inﬁ nity. Let all four electrodes 
(probes) of the measurement circuit be equal, as 
well as their buried part. The length of the buried 
part of the measurement electrodes amounts to 0,4 
m ( l = d = 0,4 m). 
It is to be expected that the greatest error in deter-
mining the soil resistivity with a theoretical model 
that replaces rod electrodes with spherical ones 
will occur when the spacing between the current 
electrodes is small, i.e. when distance a between 
neighboring electrodes is approximately the same 
length of the current and/or voltage measurement 
electrodes. For this reason, analysis is limited to 
studying the apparent resistivity curve for small 
spaces between neighboring electrodes that ar-
bitrarily amount to 10 m. A case is studied when 
the length of the entire wiring of the measurement 
circuit is 30 m (Figure 1). The error will depend 
upon several parameters: the thickness of the upper 
soil layer, the resistivity of the upper soil layer, the 
resistivity of the lower soil layer, the length of the 
voltage measurement electrodes and the length of 
the current measurement electrodes and, naturally, 
the distance between neighboring electrodes. 
Figure 5 presents apparent soil resistivity curves 
as functions of the distance between the neighbor-
ing electrodes. The apparent soil resistivity curve 
obtained according to Expression (31) is shown in 
red, and that obtained according to the IEEE stand-
ard, i.e. according to Expression (33), is shown in 
blue. The resistivity of the upper soil layer amounts 
to g  = 200 Ωm, its thickness is h = 1 m, and the 
resistivity of the lower soil layer is d  = 100 Ωm. 
The number of iterations are M = 5 and N = 20.
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Na slici 6 prikazana je krivulja postotne pogreπke 
u odreivanju prividnog speciﬁ Ënog otpora tla pre-
ma IEEE normi, tj. prema izrazu (33) u odnosu na 
izraz (31), u funkciji razmaka izmeu susjednih 
elektroda za parametre tla prema slici 5.
 
Slika 7 prikazuje krivulje prividnih speciﬁ Ënih ot-
pora tla u funkciji udaljenosti izmeu susjednih 
elektroda. Krivulja prividnog speciﬁ Ënog otpora 
tla dobivena prema izrazu (31) prikazana je crve-
nom bojom, a ona dobivena prema IEEE normi, 
tj. prema izrazu (33) prikazana je plavom bojom. 
Speciﬁ Ëni otpor gornjeg sloja tla iznosi g  = 200 
Ωm, njegova debljina h = 2 m, a speciﬁ Ëni otpor 
donjeg sloja tla d  = 100 Ωm. 
 
In Figure 6, the percentage error curve is shown when 
apparent soil resistivity is determined according to 
the IEEE standard, i.e. according to Expression (33), 
in comparison to Expression (31), in the function of 
the distance between the neighboring electrodes for 
soil parameters according to Figure 5.
Figure 7 shows the apparent soil resistivity curves 
the functions of the distance between neighboring 
electrodes. The apparent soil resistivity curve ob-
tained according to Expression (31) is shown in red 
and that obtained according to the IEEE standard, 
i.e. according to Expression (33), is shown in blue. 
The resistivity of the upper soil layer amounts to g 
= 200 Ωm, its thickness is h = 2 m, and the resistiv-
ity of the lower soil layer is d  = 100 Ωm. 
Slika 5 
Prividni speciﬁ Ëni 
otpor tla prema 
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Udaljenost izmeu susjednih elektroda a / Spacing betweeen the neighboring electrodes a
p%(a)= ·100%
prema izrazu (33)/according to expression (33) (a) - prema izrazu (31)/according to expression (31) (a)
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Na slici 8 prikazana je krivulja postotne pogreπke 
u odreivanju prividnog speciﬁ Ënog otpora tla pre-
ma IEEE normi, tj. prema izrazu (33) u odnosu na 
izraz (31), u funkciji razmaka izmeu susjednih 
elektroda za parametre tla prema slici 7.
 
Slika 9 prikazuje krivulje prividnih speciﬁ Ënih ot-
pora tla u funkciji udaljenosti izmeu susjednih 
elektroda. Krivulja prividnog speciﬁ Ënog otpora 
tla dobivena prema izrazu (31) prikazana je crve-
nom bojom, a ona dobivena prema IEEE normi, 
tj. prema izrazu (33) prikazana je plavom bojom. 
Speciﬁ Ëni otpor gornjeg sloja tla iznosi g  = 200 
Ωm, njegova debljina h = 5 m, a speciﬁ Ëni otpor 
donjeg sloja tla d  = 100 Ωm. 
 
In Figure 8, the percentage error curve is shown in 
the determination of apparent soil resistivity accord-
ing to the IEEE standard, i.e. according to Expression 
(33) in relation to Expression (31), as the function of 
the distance between the neighboring electrodes for 
the soil parameters according to Figure 7.
Figure 9 presents apparent soil resistivity curves as 
functions of the distance between neighboring elec-
trodes. The apparent soil resistivity curve obtained 
according to Expression (31) is shown in red, and 
the one obtained according to IEEE standard, i.e. 
according to Expression (33), is shown in blue. The 
resistivity of the upper soil layer amounts to g  = 
200 Ωm, its thickness is h = 5 m, and the resistivity 
of the lower soil layer is d  = 100 Ωm. 
Slika 7 
Prividni speciﬁ Ëni otpor 
tla prema izrazima (31) 
i (33)
Figure 7 
Apparent soil resistivity 
according to Expressions 
(31) and (33)
Slika 8 
Postotna pogreπka IEEE 
izraza u odreivanju 
prividnog speciﬁ Ënog 
otpora
Figure 8 
Percentage error of 
the IEEE expression in 





















































































Udaljenost izmeu susjednih elektroda a / Spacing betweeen the neighboring electrodes a
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prema izrazu (33)/according to expression (33) (a) - prema izrazu (31)/according to expression (31) (a)
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Na slici 10 prikazana je krivulja postotne pogreπke 
u odreivanju prividnog speciﬁ Ënog otpora tla pre-
ma IEEE normi, tj. prema izrazu (33) u odnosu na 
izraz (31), u funkciji razmaka izmeu susjednih 
elektroda za parametre tla prema slici 9.
 
In Figure 10, the percentage error curve in the de-
termination of apparent soil resistivity according 
to the IEEE standard, i.e. according to Expression 
(33), is shown in comparison to Expression (31), as 
the function of the distance between the neighbor-
ing electrodes for the soil parameters according to 
Figure 9. 
Slika 9 
Prividni speciﬁ Ëni 
otpor tla prema 
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6 ANALIZA REZULTATA
Slike 6, 8 i 10 ukazuju da pogreπka u odreivanju 
prividnog speciﬁ Ënog otpora tla prema izrazu (33) 
u odnosu na izraz (31) moæe biti pozitivna, ili ne-
gativna, ovisno od sluËaja do sluËaja. 
Na slici 6 navedena pogreπka pri vrlo malim raz-
macima izmeu dvije susjedne elektrode je pozi-
tivna, zatim naglo postaje negativna te maksimum 
pogreπke nastupa kada je razmak izmeu susjed-
nih elektroda pribliæno 2 m. Daljnjim poveÊanjem 
razmaka izmeu susjednih elektroda pogreπka se 
smanjuje te teæi ka nuli. Ovako vladanje pogreπke 
u odreivanju prividnog speciﬁ Ënog otpora tla pre-
ma izrazu (33) u odnosu na izraz (31) tipiËno je i 
za ostale analizirane sluËajeve. 
Kada su mjerne elektrode jako blizu (a << l) jedna 
drugoj, tada na potencijal naponskih mjernih elek-
troda izraziti utjecaj imaju originalne strujne elek-
trode A i D, a njihove slike tek neznatan utjecaj. S 
obzirom da ekvipotencijalne krivulje u blizini struj-
nih elektroda imaju oblik elipse s jako izraæenim 
ekscentritetom, jedna takva ekvipotencijalna kri-
vulja prelazi preko uzduæne osi naponskih mjernih 
elektroda, te se s vrlo dobrom toËnoπÊu moæe uzeti 
da potencijal naponske mjerne elektrode odgovara 
tom potencijalu. 
Daljnjim poveÊanjem udaljenosti izmeu mjernih 
elektroda na iznos potencijala naponskih mjer-
nih elektroda raste utjecaj zamiπljenih odslika-
nih strujnih elektroda. Njihove ekvipotencijalne 
krivulje, koje su takoer oblika elipsi presijecaju 
uzduænu os naponske mjerne elektrode u viπe toËa-
ka, πto uzrokuje i pojavu maksimuma pogreπke pri 
odreivanju prividnog speciﬁ Ënog otpora tla prema 
izrazu (33) u odnosu na izraz (31). Naime, prema 
izrazu (33) potencijal je odreen samo u jednoj 
toËki, a koja se nalazi na granici tlo-zrak, dok je 
prema izrazu (31) ona odreena u viπe toËaka me-
todom srednjeg potencijala. 
Daljnje poveÊavanje udaljenosti izmeu mjernih 
elektroda uzrokovat Êe smanjenje pogreπke u 
odreivanju prividnog speciﬁ Ënog otpora tla prema 
izrazu (33) u odnosu na izraz (31). Naime, iako 
ekvipotencijalne krivulje oko πtapnih elektroda 
imaju oblik elipse, kada su toËke promatranja da-
leko od njih, ekvipotencijalne krivulje poprimaju 
oblik kruænice. Iz tog razloga kada je velik razmak 
izmeu strujnih i naponskih elektroda potencijal 
se moæe s dobrom toËnoπÊu odreivati izrazima za 
toËkaste izvore polja, kod kojih su ekvipotencijalne 
krivulje oblika kruænice. 
6 ANALYSIS OF THE RESULTS
Figures 6, 8 and 10 show that the error in the determi-
nation of apparent soil resistivity according to Expression 
(33) in comparison to Expression (31) can be positive or 
negative, depending on the particular case. 
In Figure 6, the stated error when there are very 
small distances between two neighboring elec-
trodes is positive, then suddenly becomes negative 
and the maximum error occurs when the distance 
between neighboring electrodes is approximately 2 
m. With further increases in the distance between 
neighboring electrodes, the error decreases and 
tends toward zero. Such behavior of the error in the 
determination of apparent soil resistivity according 
to Expression (33) in comparison to Expression (31) 
is also typical for other cases analyzed. 
When measurement electrodes are very close (a << l) 
to each other, the original current electrodes A and D 
have a marked inﬂ uence on the potential of the voltage 
measurement electrodes and their images have only an 
insigniﬁ cant inﬂ uence. Since the equipotential curves 
in the vicinity of the current electrodes have the form of 
an ellipse with marked eccentricity, one such equipo-
tential curve crosses the longitudinal axis of the voltage 
measurement electrodes, and it can be said with very 
good precision that the potential of the voltage meas-
urement electrode corresponds to this potential. 
With further increases in the distance between the 
measurement electrodes, the inﬂ uence of the imagi-
nary images of the current electrodes upon the poten-
tial of the voltage measurement electrodes increases. 
Their equipotential curves, which are also in the form 
of an ellipse, cross the longitudinal axis of the volt-
age measurement electrode at several points, which 
also causes maximum error in the determination 
of apparent soil resistivity according to Expression 
(33) in comparison to Expression (31). According to 
Expression (33), the potential is determined at only 
one point, which is located at the soil-air boundary, 
while according to Expression (31) it is determined at 
several points using the mean potential method. 
Further increases in the distance between the meas-
urement electrodes will result in a reduction in error 
in the determination of soil resistivity according to 
Expression (33) in comparison to Expression (31). 
Although the equipotential curves in the vicinity 
of the rod electrodes have the form of an ellipse, 
when the observation points are distant from them, 
the equipotential curves acquire the form of a cir-
cle. For this reason, when there is a large distance 
between the current and voltage electrodes, the 
potential can be determined with good precision 
with the expressions for the point sources, where 
equipotential curves are of circular form. 
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Osim toga, zbog velike geometrijske udaljenosti 
odslikanih zamiπljenih slika strujnih elektroda od 
naponskih elektroda, neznatna je promjena poten-
cijala duæ uzduænih osi naponskih elektroda. Iz 
tog razloga nije velika razlika izmeu potencijala 
odreenog u jednoj toËki na granici tlo-zrak, ili 
metodom srednjeg potencijala kada je velik raz-
mak izmeu mjernih elektroda. Zanimljivo je za 
primijetiti da maksimum pogreπke nastupa kada 
je razmak izmeu susjednih elektroda pribliæno 
jednak dvostrukoj debljini gornjeg sloja tla. 
Prve slike izvora polja elektroda A i D u podruËji-
ma a i c imaju najveÊi doprinos korekciji potenci-
jala, u prvom redu zbog njihove relativne blizine 
spram naponskih mjernih elektroda u odnosu na 
ostale slike, te neznatno oslabljene struje βI, koja 
se uvaæava u raËunu. Ekvipotencijalne krivulje pr-
vih slika elektroda A i D u podruËjima a i c na 
mjestu naponskih elektroda presijecaju uzduænu 
os naponskih mjernih elektroda u viπe toËaka (sli-
ka 2b). Navedeni utjecaj uvaæen je koriπtenjem 
metode srednjeg potencijala. Kako su prve slike 
strujnih elektroda A i D udaljene od granice tlo-
zrak upravo za dvostruku debljinu gornjeg sloja tla 
razumljiva je pojava maksimuma pogreπke kada je 
razmak izmeu susjednih elektroda jednak dvo-
strukoj debljini gornjeg sloja tla. Upravo pri tom 
razmaku najizraæeniji je utjecaj prvih slika strujnih 
elektroda. 
Zanimljivo je za primijetiti da je pogreπka IEEE 
izraza prevladavajuÊe negativna. Razlog tome je 
πto potencijal odreen izrazom za πtap logaritam-
ski opada pri poveÊanju udaljenosti toËaka pro-
matranja od njegove uzduæne osi, a za kuglu, tj. 
toËkaste izvore s kvadratom udaljenosti, odnosno 
pri malim udaljenostima, opada bræe nego li za 
πtap. Na taj naËin je potencijal izraËunat izrazima 
za toËkaste izvore polja pri istoj struji manji, te je 
iz tog razloga i speciﬁ Ëni elektriËni otpor niæi. 
7 ZAKLJU»AK
IznenaujuÊe je da pogreπka koja se dobiva 
koriπtenjem izraza iz IEEE norme nije prelazila 
10 %, za brojne analizirane sluËajeve, odnosno 
6 % u prikazanim primjerima. Na temelju ovog 
Ëlanka i njegovih rezultata neosporna i razvidna 
je svrhovitost uporabe IEEE izraza. Autori su dali 
svoj doprinos u odgonetanju desetljeÊima stare 
zagonetke o toËnosti IEEE izraza za prividni spe-
ciﬁ Ëni elektriËni otpor dvoslojnog tla. Ujedno, dan 
je alternativni izraz za odreivanje prividnog spe-
ciﬁ Ënog otpora dvoslojnog tla mjeren Wennerovim 
spojem, koji je prema trenutnim spoznajama auto-
ra jedinstven. 
Moreover, due to the great geometric distance of the 
imaginary images of the current electrodes from the 
voltage electrodes, the change in potential is insig-
niﬁ cant along the longitudinal axis of the voltage 
electrodes. For this reason, there is not a large differ-
ence between the potential determined at one point 
on the soil-air boundary or by the mean potential 
method when there is a great distance between the 
measurement electrodes. It is interesting that the 
maximum error occurs when the distance between 
neighboring electrodes is approximately twice the 
thickness of the upper soil layer. 
The ﬁ rst images of the ﬁ eld sources of electrodes A and 
D in Areas a and c make the greatest contribution to 
the correction of the potential, in the ﬁ rst place due 
to their relative vicinity to the voltage measurement 
electrodes in comparison to the other images, and the 
insigniﬁ cant reduction in current βI, which is taken into 
account in the calculation. The equipotential curves of 
the ﬁ rst images of electrodes A and D in Areas a and 
c at the site of the voltage electrodes cross the longi-
tudinal axis of the voltage measurement electrodes at 
several points (Figure 2b). This inﬂ uence is taken into 
account by using the mean potential method. Since the 
ﬁ rst images of current electrodes A and D are at a dis-
tance from the soil-air boundary of twice the thickness 
of the upper soil layer, the occurrence of the maximum 
error is understandable when the distance between the 
neighboring electrodes is equal to twice the thickness 
of the upper soil layer. It is precisely at this distance 
that the inﬂ uence of the ﬁ rst images of the current 
electrodes is the most marked. 
Interestingly, the error of the IEEE expression is 
predominantly negative. The reason for this is that 
the potential determined by the expression for the 
rod is logarithmically decreased with an increase in 
the distance of the observation point from its lon-
gitudinal axis, and for a sphere, i.e. point sources 
with the square of the distance or at small distances 
decreases more rapidly than for a rod. In this man-
ner, the potential calculated with the expressions 
for point sources at the same current is lower, and 
for this reason the resistivity is lower. 
7 CONCLUSION
It is surprising that the error obtained by using the 
expression from the IEEE standard did not exceed 
10% in numerous cases analyzed, i.e. 6% in the ex-
amples presented. Based upon this article and their 
results, the purpose of using the IEEE expression is 
indisputable and clear. The authors have contributed 
to deciphering the decades-old enigma regarding the 
precision of the IEEE expression for the apparent 
resistivity of two-layer soil. An alternative expression 
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Iako je ovim Ëlankom potvrena primjenjivost 
IEEE izraza, to ne znaËi da svaki izraz predloæen 
normom treba prihvatiti bez kritiËkog osvrta. Nai-
me, pri izdavanju normi i preporuËenih izraza za 
uporabu treba imati na umu ﬁ zikalne pretpostavke 
pod kojim one vrijede, te ponekad i ograniËenja 
matematiËkog instrumentarija koji su ukljuËeni u 
njihovu uporabu. 
Iako se dobiveni izraz (31) za prividni speciﬁ Ëni 
elektriËni otpor, moæe Ëiniti znatno sloæenijim od 
izraza (33) prema IEEE normi, treba imati na umu 
da se danas proraËuni ove vrste odvijaju iskljuËivo 
na osobnom raËunalu (PC). Iz tog razloga neπto 
sloæeniji izraz nije zapreka njegovoj uporabi, po-
gotovo ukoliko se ima na umu da je on svojom 
formom prilagoen pisanju programskih petlji, te 
je time programiranje elegantno. 
Autori ovog Ëlanka se nadaju da Êe dobiveni al-
ternativni izraz kao i prikazana metodologija 
uvaæavanja stvarne geometrije elektroda i pri ne-
kim drugim mjernim postupcima omoguÊiti za-
interesiranim Ëitateljima da na beskompromisan 
naËin pristupaju svojim zadaÊama.
has also been provided for the determination of the 
apparent resistivity of two-layer soil measured by the 
Wenner method, which is unique to the best knowl-
edge of the authors. 
Although this article afﬁ rms the applicability of 
the IEEE expression, this does not mean that every 
expression proposed by a standard should be ac-
cepted without critical examination. When assess-
ing standards and recommended expressions for 
use, it is necessary to bear in mind the physical 
assumptions according to which they are valid, and 
sometimes the limitations of the mathematical in-
strumentation they use. 
Although the obtained Expression (31) for apparent 
resistivity may seem signiﬁ cantly more complex than 
Expression (33) according to the IEEE standard, it 
should remembered that calculations of this type are 
performed today exclusively on personal computers. 
For this reason, the somewhat greater complexity of 
the expression should not be an obstacle to its use, 
especially because its form has been adapted to writ-
ing program loops and elegant programming. 
The authors of this article hope that the alterna-
tive expression and methodology presented, which 
take the actual geometry of electrodes and other 
measurement procedures into account, will help 
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